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On a theorem of S. Bernstein. 
By G . GRÜNWALD ( f ) in Újpest. 
Let f(x) be continuous in the interval — 1 ^ x ^ + 1 and 
let us denote 
(1) Ln[f,x\ /1=1,2,... 
the n-th Lagrange interpolation polynomial of the function /(x) 
corresponding to the Chebysheff abscissas. Then (1) is the unique 
polynomial of degree n — \ which assumes the values f(x[n)), 
/(x^), . . . ./(x^) at the zeros 
(2) : xi") = c o s ^ , x<" ,= c o s 3 ^ , ... :,x<1"> = c o s ( 2 n - l ) ^ 
of the n-th Chebysheff polynomial 7"„(x) = cos(narccosx). It is 
known that the sequence (1) is not convergent for every continuous 
function1) ; moreover there exist continuous functions for which the 
sequence (1) is divergent everywhere2) in the interval — l á x á - i - l . 
S. BERNSTEIN proved3) that we can modify (1) by choosing suitably 
Xn of the abscissas (2) and changing there suitably the values 
of/, so that the new sequence of interpolation polynomials be 
») G. FABBR, Über die interpolatorische Darstellung stetiger Funktionen, 
Jahresbericht der Deutschen Math. Vereinigung, 23 ( 1 9 1 4 ) , p . 1 9 0 - 2 1 0 ; S. B E R N -
STEIN, Sur la limitation des va leurs . . . , Bulletin Academy of Sciences de l'URSS, 
1931 , p . 1 Q 2 5 - 1 0 5 0 . 
®) G. GRÜNWALD, Über Divergenzerscheinungen der Lagrangeschen Inter-
polationspolynome stetiger Funktionen, Annals of Math., 31 (193&), p. 908—918. 
See also J. MARCINKIEWICZ, Sur la divergence des polynomes d'interpolation, 
these Acta, 7 ( 1 9 3 7 ) , p . 1 3 1 — 1 3 5 . 
S) S. BERNSTEIN, Sur une modification de la formule d'interpolation de 
Lagrange, Communications de la Société Math, de Kharkov», (4) 5 (1932), 
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uniformly convergent in the interval — for every con-
tinuous function, where I > 0 is an arbitrary small but fixed number. 
In this note, we prove that the theorem of BERNSTEIN is exact 
in the sense that, instead of fixed <i, we cannot take a sequence 
X = XN for which if_/i->oo. In other words, if ¿ „ - 0 for 
/1-+00, if we choose nX„ abscissas from (2) and .we change the 
values of / assumed here arbitrarily, then there exist continuous 
functions for which the modified sequence of interpolation poly-
nomials is not uniformly convergent in the interval — 
The following explicit form of ( I ) is known: 
(3) ¿„[/; X ] = I ) T + 1 4W/W"). 
The modified interpolation polynomial is 
(4) B.l/;x] = Z4H)h(x), 
where 
(5) A(t:\Al:\.:.,A% n = nt„ 
are arbitrary numbers and 
(6) < , = / 0 , ^ - / ( O . • ¿ p =/(*c>) 
(/,, is, . . ., /'„ being an arrangement of the numbers 1, 2, . . n). 
Evidently we can suppose that 
( 7 ) I I M | 4 N ) | ^ L , k = 1 , 2 n = Xnn- n = \,2,... 
Let us divide the interval — l g i x ^ + l into ^ + 1 equal parts. 
There is at least one part not containing any of the abscissas 
x%\ ..., x?J. Let xjn>, xj"\ be the two Tschebyscheff abscissas 
71 
intercepting the centre of this interval and put x0 = c o s j — . 
Then we have4) 
/ox' ^ i / / m 1 V 
1 1 C N 
< < TT < c-n ¿ft |x0— Xik\ n ¿ft P + k 
4) c > 0 denotes an absolute constant, not necessarily the same one 
each time it occurs. 
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Let fn(x) be a continuous function in the interval — l ^ x ^ - f 1 
for which 
(9) A M 0 ) = sign/,(*«,), £ = 1 , 2 n. 
From (4), (5), (6), (7), (8), (9) it follows that 
mf«;x0]\ 
(10) •== 
k = 1 
Za(x{M(X0)+£ (< ) -/ (^ , ) ) / i t ( x 0 ) ^ 
te= 1 k = l 
i\h(Xo)\-2 j t IM*o)| < 2 U*o)\-c. k—1 k—l k = 1 
¿ l / ^ ^ - ^ l o g n i n W I 
4 = 1 7 1 
" 1 







(13) \B„[f„] *0]| > clog/i. 
With the aid of (13) it is easy to prove that the sequence of inter-
polation polynomials B„[f \ x] is not uniformly convergent if f(x) 
is the following continuous function 
(14) 
V = 1 " 
and if the sequence rij, is suitably chosen. 
(Received September 8, 1940.) 
5) G. GRÜNWALD, Über Divergenzerscheinungen der Lagrangeschen. 
Interpolationspolynome, these Acta, 7 (1935), p. 206—221. 
